Abstract-We investigate the electric penetration case of the first principles multipole-based cable braid electromagnetic penetration model reported in the Progress in Electromagnetics Research B 66, 63-89 (2016). We first analyze the case of a 1-D array of wires: this is a problem which is interesting on its own, and we report its modeling based on a multipole-conformal mapping expansion and extension by means of Laplace solutions in bipolar coordinates. We then compare the elastance (inverse of capacitance) results from our first principles cable braid electromagnetic penetration model to that obtained using the multipole-conformal mapping bipolar solution. These results are found in a good agreement up to a radius to half spacing ratio of 0.6, demonstrating a robustness needed for many commercial cables. We then analyze realistic cable implementations without dielectrics and compare the results from our first principles braid electromagnetic penetration model to the semiempirical results reported by Kley in the IEEE TRANSACTIONS ON ELECTROMAGNETIC COMPATIBILITY 35, 1-9 (1993). Although we find results on the same order of magnitude of Kley's results, the full dependence on the actual cable geometry is accounted for only in our proposed multipole model which, in addition, enables us to treat perturbations from those commercial cables measured.
I. INTRODUCTION
T HIS paper focuses on the electric penetration case of the rigorous cable braid penetration model discussed in [1] - [3] . A shielded cable is generally modeled via canonic parameters [1] , [2] , [4] - [8] : the per-unit length transfer impedance Z T (proportional to the transfer inductance L T and resistance R T ) and transfer admittance Y T (usually proportional to the transfer capacitance C T ), which model the shield properties (related to the braid weave characteristics and material). In addition to the transfer parameters associated with the external cable characteristics, important parameters are the per-unit length (series) self-impedance Z c and (shunt) self-admittance Y c , which are formed by the inner conductor and the shield. In general, it is common for the magnetic penetration case to dominate the response of a cable. However, it is desirable to have a complete model including the transfer admittance, as there are certain instances where the electric penetration plays a nonnegligible role. The rigorous electric formulation is also in some sense simpler than the magnetic one and is, therefore, a useful introduction to the multipole description. We plan on reporting on the magnetic penetration in a future work. In this paper, we limit our analysis to the case of electric penetration, and in particular to the determination of the potentials ϕ c and ϕ b (more details are given in later sections, and in [1] and [2] ) that will be used to determine the transfer capacitance C T and the self-capacitance C 1 (see (12) for their definition). Generally, C T is computed via the complete semiempirical model assembled by Kley [9] based on canonical models augmented by measurements of typical commercial cables. However, our goal here is to apply for the first time our first principles model [1] , [2] that delivers results dependent on the actual geometry of the cable in question. We will first confirm our first principles model against a canonical structure, namely a 1-D array of wires, or wire grid, which can be modeled analytically. Such a problem is interesting on its own, and we compare our first principles model to a method based on a multipole-conformal mapping expansion for the wire charges and extension by means of Laplace solutions in bipolar coordinates. The sheet (transfer and self) elastance is proportional to the (transfer and self) admittance but is a useful dimensionless quantity for the planar wire test case, which avoids bringing in extra parameters such as the braid circumference. The analytic solution for this test case checks the basic multipole solution accuracy for shield wires in close proximity but does not include all the characteristics of a braided shield (for which no analytic solution exists). Then, we employ our first principles model for realistic cables, namely the REMEE, the Belden 9201, and the Belden 8240, and compare the results to Kley's model. As a simplification, and for brevity, we first characterize cables with no dielectrics; if dielectrics were present, images can be introduced to take them into account [1] , [2] , and this analysis will be performed in a future work. The comparison of Kley's semiempirical model with this rigorous multipole model is the closest we can come to a comparison of another model with the full braid geometry. Fig. 1 . One-dimensional array of wires (wire grid) with period 2w along the x-direction. Each wire has a radius a. Although for clarity, we show only a portion of the wires, they are infinitely extended along the z-direction.
II. ANALYTIC TEST CASE: ONE-DIMENSIONAL ARRAY OF WIRES, OR WIRE GRID
The problem of field leakage through an array of cylinders is the basic canonical periodic shield [10] . Simple solutions can be found for this problem when the cylinder radius is small compared with the spacing [6] , [11] , [12] . However, because of the basic nature of the problem, it is of interest to both assess the accuracy of these conformal mapping approximate solutions and to construct an easily used solution which remains accurate over the entire range of radius to spacing ratios. This is a dual problem to the magnetic transfer inductance of an array of wires [13] .
This section considers the effects of line multipole additions to the simple filament approximation in representing the elements of a 1-D wire grid array (schematic in Fig. 1 ). Here, we initially look at the limit of small wire radius a. This will be followed by examination of general ratios of wire radius to wire half spacing w to determine which of the existing approximations to the wire array transfer elastance (elastance is the inverse of capacitance [12] and these elements are sometimes referred to as coefficients of potential [14] , [15] ) is most accurate. The use of the transfer elastance simplifies the rigorous formulation of this transfer parameter because of the open-circuited side conditions associated with this quantity versus the short-circuited side conditions associated with the transfer capacitance [1] . For this particular problem, we construct a simple and accurate uniform approximation using the simple conformal mapping filament approximation along with the decay factor from the solution to Laplace's equation in bipolar coordinates [16] , [17] .
The array of wires in Fig. 1 is periodic in x with infinitely extended wires oriented along the z-axis (but a distance y → 0 above the xz plane) each having a line charge density q with wire spacing 2w and wire radius a. One wire is positioned at x = 0 and all wires are parallel with the z-axis. The transfer elastance of the grid can be defined by [17] :
where E 0 is the vertical uniform field below the wires, ε 0 is the absolute permittivity of free space, and ϕ c is the difference of the electric potential at the point y → +∞ and a point on the wire, say at x = 0, y = a or at x = a, y = 0. The simple small radius a approximation [17] , denoted as thin wire with subscript "tw" (whose derivation is reported in Appendix), leads to
The attenuation resulting from the region between cylinders, when they are closely spaced, is difficult to represent by means of the multipole expansion. Previously, a "smoothed" conformal transformation [12] 
with subscript "sc" denoting smoothed conformal. However, because the "smoothed" conductor solution is a good approximation to the cylinder only when the conductors are not in close proximity and these results involve a transcendental equation, we construct a better approximation. We use the exponential decay from the bipolar system of coordinates (representing two cylinders) times the conformal mapping filament array result to construct an accurate approximation to the elastance which holds for all ratios of radius to spacing (its derivation is reported in Appendix). The distance h = O(a) = ca,
, is taken to represent the termination point for the bipolar decay in the conformal mapping multipole results to account for the missing decay in the filament result (see Appendix), leading to
with subscript "bs" denoting bipolar solution. Finally, the multipolar solution (up to the quadrupole term) of the elastance (see Appendix for its derivation) is given by
with subscript "q" denoting quadrupole solution. The four elastances in (2)- (5) are reported in Fig. 2 . One can see that, as expected, the thin-wire approximation S c,tw in (2) is the least accurate, and works only for small a/w; better accuracy is obtained with the smoothed conformal solution S c,sc in (3) and the multipolar solution S c,q in (5); finally, the best accuracy is achieved with the bipolar solution S c,bs in (4) to which we will compare the results from the first principles cable penetration model.
The cable penetration model is based on finite-length electric line multipoles. The unit cell in Fig. 1 contains a single wire but the number of conductors is infinite in a similar manner to the unit cell of the cable braid. The unit cell identification, in addition to the planar approximation for the cylindrical braid, allows us to characterize the electric penetration by the scalar constant quantities ϕ c /E 0 and ϕ b /E 0 . We determine ϕ c /E 0 (needed to determine the elastance in (1)) and ϕ b /E 0 by solving for the potential surrounding a periodic cell of the structure [1] , [2] . The potential ϕ b is the counterpart of ϕ c for the self-elastance computed as a limiting value in the lower half space with the uniform field contribution E 0 to the potential removed. The drive potential in the planar problem will be taken as ϕ inc = −E 0 y where y = 0 is at the center of the structure. It is efficient to represent the electric scalar potential ϕ by an electric multipole summation to capture the transverse field behavior. The potential for an axially varying line charge q(s) is
where the charge is discretized as pulses of strength q n and ε is the absolute permittivity of the lattice. We take the end positions of the N wire segments to be denoted by r ± n , n = 1, . . . , N, the segment length is s n , the vector along the axis of the segment is s n = r The monopole moments are not sufficient to match the potential condition ϕ tot scatt + ϕ inc = V n on each n segment at many points around the wire so we include a series of line multipole moments in the potential, which for a given position n, is written as
and analogous to (7), the total potential is ϕ
, and ∇ t is the "del" operator transverse to the particular wire segment. Now, the final matching equation to determine the 2M multipole moments (which are transverse vector components: M + 1 even moments and M − 1 odd moments in the azimuth about the wire segment) on each of N segments imposes the constant ϕ tot scatt + ϕ inc = V n = ϕ. Once the electric scalar potential ϕ is found, with the potential on the braid taken to vanish V n = 0, we can then proceed to find the asymptotic potential constant behaviors of interest. For the shadow side of the structure, we evaluate a total potential far from the braid to find ϕ → ϕ c . For the illuminated side of the structure, we evaluate the potential to find ϕ → −E 0 y + ϕ b . Normalizing by the drive field E 0 , we find the desired ϕ c /E 0 and ϕ b /E 0 constants.
The actual solution technique decomposes the problem of an E y = E 0 electric field below the braid and zero electric field above the braid into the superposition of two problems, as shown in Fig. 3 . The first problem is setup with a y-directed uniform incident field E y = E 0 /2 and zero total potential on the braid surface. The total charge for a unit cell q U F due to the uniform field excitation is computed (the superscript "UF" refers to the uniform field solution for the braid problem). The second problem is setup with a zero incident field and a constant potential V 0 on the braid. In that case, the total charge for a unit cell q V 0 due to a constant potential is computed. The solution to the original problem is then reached by setting the braid voltage to
where A is the unit cell normal area) and the incident uniform-field excitation to E inc y = E 0 /2 so as to yield a net field E y = E 0 far below the braid and E y = 0 far above the braid. The potential everywhere in the problem can then be shifted by −ϕ braid to give the same final field configuration with zero potential on the braid wires.
Using ϕ c /E 0 and considering up to order M = 0 (filament), 1 (dipole), 2 (quadrupole), 3 (octopole), we plot in Fig. 2 , the elastance versus a/w as dark gray curves. One can notice that the agreement with the bipolar solution S c,bs is best when using up to the octopole moment, covering a dynamic range of up to a/w = 0.6. These results give us the confidence that our first principles model works within the geometric characteristics of many commercial cables.
Using ϕ b /E 0 and considering up to order M = 0 (filament), 1 (dipole), 2 (quadrupole), 3 (octopole), we plot in Fig. 4 , the elastance S b (whose definition is the same as (1) by substituting ϕ b for ϕ c ) versus a/w as dark gray curves, and compare it to a thin-wire solution S b,tw given by
to a "smoothed" conformal transformation solution [12] (black curves) given by 
Similar to the result in Fig. 2 , the thin-wire approximation S b,tw in (9) is the least accurate, and works only for small a/w; better accuracy is obtained with the smoothed conformal solution S b,sc in (10). The best accuracy is obtained with the multipolar solution S b,q in (11), reported as a light gray line in Fig. 4 . One can notice that the agreement between the 2 and 3 finite-length multipoles nearly overlays with the conformal solution S b,q . This is expected following the result in Fig. 2 , and overall attests that our first principles model works within the geometric characteristics of many commercial cables.
Note that in the case of touching wires (i.e., w → a), the transfer capacitance vanishes and we find from (11) This limit has use in describing a correction to the selfcapacitance C 1 of the cable: in other words, the effective conducting boundary condition moves to 0.9024a from the wire center.
III. REALISTIC CABLES: REMEE, BELDEN 9201, AND BELDEN 8240
In this section, we apply the first principles model to realistic cable geometries, namely REMEE (59% optical coverage), Belden 9201 (78% optical coverage), and Belden 8240 (95% optical coverage). Pictures of the real cables and our mesh geometries are reported in Fig. 5 . In the model mesh of the cable braid, the wire strands follow a sinusoidal path that allows for the radial size of the individual strands. The weave pattern matches that seen in the braided shields. Each cable type has a different number of strands per carrier (three for REMEE, five for Belden 9201, and seven for Belden 8240), braid angle (34.2°for RE-MEE, 22.0°for Belden 9201, and 24.4°for Belden 8240), and lay length, which is reflected in the model for that type.
We calculate the potentials ϕ c and ϕ b that will be used to determine, for a uniform cylindrical braid, the transfer capacitance C T and the self-capacitance C 1 [1] as
where ΔC is a correction to the self-capacitance per-unit length, We investigated the convergence with respect to the discretization of our mesh by using various numbers of segments per wire in the unit cell: 30, 60, 120, 240, and 480. The simulation with higher number of segments takes a longer run time, but this study is necessary to make sure we are obtaining consistent results. Looking at the results of the REMEE cable in Figs. 6 and 7, we observe that there is not much variation in the results by increasing the number of segments per wire for a given multipole order, and even the filament would provide an acceptable value for the cable parameters. Furthermore, we also observe that the results reached convergence when accounting up to the octopole moment.
Looking at the results of the Belden 9201 cable in Figs. 8 and 9, we observe again that there is not much variation in the results by increasing the number of segments per wire for a given multipole order, starting from the dipole. The filament alone is not accurate and should not be used to estimate the cable parameters. We observe that the results reached convergence when accounting up to the octopole moment.
Looking at the results of the Belden 8240 cable in Figs. 10 and 11, we observe a substantial variation in the results by increasing the number of segments per wire for a given multipole order, which reached convergence above 240 segments per wire. The filament in particular is not accurate and should not be used to estimate the cable parameters. We also observe that the results are nearing convergence when accounting up to the octopole moment.
We finally note that when comparing the multipolar results achieved for C T and ϕ c /(aE 0 ) to the values estimated by the semiempirical Kley model, we find a quite good agreement in the order of magnitude, showing the usefulness of Kley's model. Moreover, our first principles model takes into account the actual cable geometry via a discretized mesh which, in addition, enables us to treat perturbations from Kley's model (which was based on measured commercial cables).
IV. CONCLUSION
In this paper, we have verified, for the first time, the electric penetration case of our first principles multipole-based cable braid electromagnetic penetration model reported in [1] and [2] . We have first studied the case of a 1-D array of wires for which we report its modeling based on a multipole-conformal mapping bipolar solution for the wire elastance. We compared the elastance results from our first principles penetration model to the ones obtained using the multipole-conformal mapping bipolar solution. These results were found in good agreement up to a radius to half spacing ratio of 0.6, within the characteristics of many commercial cables. We finally considered three realistic cables without dielectrics, namely REMEE, Belden 9201, and Belden 8240, and compared the results from our first principles model to the result from Kley's semiempirical model, based on measurements of typical commercial cables. In contrast to Kley's methodology, the dependence on the actual cable geometry is accounted for only in our proposed first principles multipole model, which is also particularly useful if perturbations exist in the geometry versus nominal commercial braid parameters. Two possible perturbations are: 1) interweave changes (an example is a situation where the two layers of the braid interchange at every carrier crossing rather than the typical interchange at every second carrier crossing), and 2) is a case where the geometry is slightly distorted by twisting.
APPENDIX APPROXIMATIONS TO WIRE GRID ELASTANCE
Some of this derivation is similar to [17] . Consider the wire grid in Fig. 1 . A uniform field E y ∼ ±q/(4ε 0 w) is generated by the wire charges as y → ±∞ and the asymptotic form of the potential is ϕ ∼ ∓qy/(4ε 0 w). A conformal mapping solution for the scalar potential is [12] :
where z = x + iy and V is a constant. The multipole moments in this case can be written as
where the filament or monopole term is m = 0, the dipole term is m = 1, and the quadrupole term is m = 2, etc. Therefore, we can write (A.7)
Alternatively, let us take the monopole charge q = 0 but ϕ 0 = −E 0 y representing a uniform field E 0 in the y-direction. Then, we have 
(A.9)
Setting this result to zero gives
Expanding the dipole and quadrupole coefficients for (
We take the sum of these two problems to represent the situation when a uniform y directed field E 0 , where 2wε 0 E 0 = q, exists at a large distance below the x-axis and zero field exists at a large distance above the x-axis. To summarize, the single linear array of wires has been chosen to have the uniform y directed fields E y = ∓2wε 0 E 0 /2 = ∓q/2 for y → ±∞. Thus, the linear combination of the single array with charge per unit length q (including the filament and quadrupole terms) and one half of the uniform field solution (including uniform field and dipole terms) gives the desired representation. The total potential is thus The transfer elastance of the grid can be defined by S = ϕ c /(wq) = ϕ c /(2wε 0 E 0 w), where ϕ c is the difference of the electric potential at the point y → +∞ and a point on the wire, say at x = 0, y = a or at x = a, y = 0. Note that with the field at y → −∞ equal to E y → E 0 (leaving the wire array), this potential ϕ c will be positive. We can, thus, write
Therefore, the elastance is
(A.14)
Inserting the coefficients gives (using the + sign for the deter- in the ( π a 2w ) → 0 limit. Although S tw is more accurate for small values of a/w, the filament approximation (A.17) provides a more uniform fit to the actual value of the transfer elastance. Now, we use the exponential decay from the bipolar system of coordinates (representing two cylinders) times the array filament result to construct an accurate fit to the elastance which holds for all ratios of radius to spacing. The bipolar system [12] uses the description (note here x + w is the same coordinate as x in prior parts of this Appendix) In this coordinate system, Laplace's equation becomes [12] : There is, thus, a decay from the illuminated side y < 0 to the shadow side y > 0 of the array. If we assume this decay takes place over the interval −h < y < h, we have an overall decay factor of the square of the exponential in (A.22) with y = h. The fit to the transfer elastance will be taken as the standard filament result (A.17) times the decay from bipolar coordinate (A.22). The distance h = O(a) = ca is taken to account for the missing decay in the filament result, leading to S bs . If we take c to be a constant, the best choice seems to be c ≈ 0.71, resulting in relative errors of less than 12% when compared to the multipole results (over their range of validity). This can be improved by adding variation with a/w (for example, c ≈ 1/2 + a/(3w) works well). A similar but slightly better choice 2w , resulting in relative errors of less than 2.5% when compared to the multipole results (over their range of validity). This choice of the parameter c was determined by using the multipole-conformal mapping expansion for the wire charges up to order 8, which agrees with the bipolar solution across the entire range of a/w as shown in Fig. 12 .
